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a b s t r a c t
R. Graham, M. Simonovits, and V.T. Sós [R. Graham, M. Simonovits, V.T. Sós, A note on the
intersection properties of subsets of integers, J. Combin. Theory, Ser. A 28 (1980) 106–110]
in 1980 posed the following question. Suppose S is a convex subset of Zk and let A be a
family of subsets of S such that Ai ∩ Aj is convex and nonempty for Ai, Aj ∈ A, Ai 6= Aj. If A
is a family of maximum cardinality with this property, is it true that ∩Ai∈A Ai is also non-
empty? In this paper, we answer this question in the negative by exhibiting a set, S, and a
family of subsets of S for every dimension k ≥ 2.
© 2008 Elsevier B.V. All rights reserved.
In 1980, Graham, Simonovits, and Sós [1] asked that suppose S is a convex subset of Zk and let Ai, 1 ≤ i ≤ n, be subsets of
S such that for i 6= j, Ai ∩ Aj is convex and nonempty. Is it true that if the Ais form a family of maximum cardinality under this
property, that is, n is as large as possible, then∩ni=1 Ai is nonempty? We show that this is not necessarily true by constructing
below an S and a family of subsets of S for each dimension k ≥ 2. We recall from [1] that a subset of Zk is called convex if it
contains all the lattice points in its ordinary convex hull.
The question of Graham, Simonovits, and Sós is a special case of a more general question they were investigating. Let S
be a set with some property P. Consider an extremal family of subsets of S such that each pairwise intersection of members
of the family is nonempty and has the same property P. A natural question is whether such a family always arises by
having an element of S common to all members of the family and thereby the family satisfies the nonemptiness of pairwise
intersections trivially. Our paper says that this doesn’t have to be the case when the property P is convexity. Another property
that has attracted attention of the researchers is “being an arithmetic progression” [1–3]. The corresponding question for
this property is still open.
Now we give our counterexample.
In Zk, let S be the following set: S = {〈0, 0, . . . , 0〉, 〈0, 0, . . . , 1〉, 〈0, 0, . . . , 1, 0〉, . . . , 〈1, 0, . . . , 0〉}, i.e., the set containing
the origin and all the unit vectors in the positive axes. The hull of S forms a k-dimensional simplex. Note that S and every
subset of S is convex in Zk in the sense of the definition above. LetA be the family of subsets of S as given below:
Case 1: k is even.
A =
{
C ⊆ S : k
2
+ 1 ≤ |C| ≤ |S| = k+ 1
}
.
Note that |A| =
(
k+1
k
2+1
)
+ · · · +
(
k+1
k
)
+
(
k+1
k+1
)
= 2k. First, we show that Ci ∩ Cj 6= ∅ for any Ci, Cj ∈ A, i 6= j. Since |Ci| ≥ k2 + 1
and |Cj| ≥ k2 + 1, |Ci| + |Cj| ≥ k + 2 > |S| = k + 1, so Ci and Cj must intersect in at least one point. Now, we show that⋂
Ci∈A Ci = ∅. For every point p ∈ S, S − {p} is a set in the family since size of S − {p} is k and thus p 6∈
⋂
Ci∈A Ci. Thus⋂
Ci∈A Ci = ∅. Finally, we show that this familyA has maximum size among families that satisfy the hypothesis. Any family
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F satisfying the hypothesis cannot include both D and D for any D ⊆ S, because the hypothesis has that the intersection of
any two sets in the family is nonempty and convex. Thus, |F | ≤ 12 2|S| = 12 2k+1 = 2k = |A|.
Case 2: k is odd.
A =
{
C ⊆ S :
⌈
k
2
⌉
+ 1 ≤ |C| ≤ |S| = k+ 1
}
∪
{
C ⊆ S : |C| =
⌈
k
2
⌉
, p0 ∈ C
}
,
where p0 is any fixed point in S. Let p0 be the origin, without loss of generality. Note that |A| = 12
(
k+1
d k2 e
)
+
(
k+1
d k2 e+1
)
+ · · · +(
k+1
k
)
+
(
k+1
k+1
)
= 2k, and henceA has maximum size among families that satisfy the hypothesis. First, we show that for any
Ci, Cj ∈ A, i 6= j, Ci ∩ Cj is not empty. If |Ci| ≥ d k2 e + 1 or |Cj| ≥ d k2 e + 1, then |Ci| + |Cj| ≥ k + 2 > k + 1 = |S| and hence
Ci ∩ Cj 6= ∅. If |Ci| = |Cj| = d k2 e, then p0 ∈ Ci ∩ Cj. Finally, the same argument as in the case of k even shows that
⋂
Ci∈A Ci = ∅.
In personal communication with M. Simonovits, we mentioned our construction to him and he remarked that the size
of our set S is not much bigger than the dimension k. He posed the question whether the original question has a positive
answer if the size of S is sufficiently bigger than the dimension k. We end this note by posing a modified question: Given
a convex subset S of Zk, consider all families of subsets of S that satisfy the original hypothesis and have maximum size. Is
it true that
⋂
Ci∈A Ci 6= ∅ holds for at least one family A of maximum size? We remark that this is true for the set S in our
construction: takeA = {C ⊆ S : p0 ∈ C}.
It is worth mentioning that for the property of “being an arithmetic question”, the corresponding modified question
has been answered in the affirmative, but only asymptotically [2,3]. In other words, if S is an arithmetic progression of
length n, there is a family F of subsets of S such that all pairwise intersections in this family are nonempty arithmetic
progressions, the intersection of all members of F is nonempty, and F is asymptotically of maximum cardinality. Several
of these asymptotically maximal constructions of F are given in [3].
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